Abstract. Numerical methods are in general required foc. the determination of the stable configurations of N point charges on a sphere. The stable configurations for N up to 50 have previously been ascertained and we extend the calculations here for values up to 101. We repon far the first time some remarkable global features of these configurations. We show that the minimum energy accurately follows a simple half-integral power law in 1 / N over the full range we have investigated. This power law is explicable in terms of the idealization of mapping a planar Wigner lattice onto the surface of the unit sphere: the pair distribution functions of the larger-N configurations indicate predominant hexagonal coordination. The coeficients of the observed power law are closely straddled by values calculated on the basis of hexagonal and square Wigner lattices. This highly accurate description of the energy permits us to remark on the detailed deviations of the individual structures from the general trend. For N t 3 0 , we note that structures with N prime are relatively less stable, while structures with N equal to 6, 12, 32, 44, 48 and 60 seem more stable.
Introduction
The stable (least energy) configurations of N point charges on a sphere and on a disk are of wide-ranging interest, in areas as diverse as botany, chemistry, mathematics and condensed matter physics [l-71. Although it might seem at first sight that straightforward geometrical considerations would lead to a full description of the configurations, this is not so and numerical procedures must be invoked to establish the stable configurations [l]. Thus, Weinrach et al [2] , have recently used a Monte Carlo procedure to infer the symmetries of the stable configurations of N equal charges on a sphere, up to N = 50, in the process correcting some earlier geometrically-inspired results based on regular polyhedra.
For larger values of N, because of the multiplicity of configurations having almost the same low value of energy, it becomes increasingly difficult to identify with certainty the configuration that has the true minimum in energy. A criterion, by which one can judge the likelihood that a candidate computer-generated configuration is the stable configuration, would be a useful asset. Further, when the stable energies are surveyed as a function of N, there are certain values of N, such as 2 , 4 , . . . which stand out as having energies below the 'norm', rendering these structures more favourable in some sense. Likewise, for values of N such as 3, 5 , . . . the stable energies are above the 'norm' and these could therefore be regarded as less favourable. This notion of favourability needs to be formulated in a more concrete fashion that provides for a quantitative measure of relative stability and from which a deeper understanding of structures adopted may be obtained.
In this paper we provide a simple analytical formula which represents, to a high degree of accuracy, the stable configurational energies for N from 1 to beyond 100. This formula is initially introduced as an empirical fit to the data. Subsequently we show that it can be formally derived from considerations of the arrangement of the point charges in the form of a distorted Bravais lattice on the surface of the sphere. The parameters of the empirical fit lie within narrow bounds established on purely theoretical grounds.
Empirical fit to data
To supplement data which is already available in the literature, we have implemented a Monte Carlo optimization routine, similar to the prescription of Weinrach et al [2], in TurhoAASIC and FORTRAN, and have ca!w!a!ed !he energies ofa!!!he numerica!!y stable potential energy minimal structures up to N = 4 2 and then for many values of N up to 101. The potential energy is calculated as the sum of interaction energies of equal point chages on a unit sphere:
where the charges 9, are taken as unit and d , is the Euclidean distance between the charges. As has already been observed [2], the region of the minimum is easily attained but convergence to the true minimum is not assured. Our implementation is accurate to within about 1" of relative separation of the charged points on the sphere surface, which is good enough for our purposes. In addition, Dr Bennett [2] has provided us with his calculated values of W for most of N to 50, and N = 60. us, and the reported symmetries of those configurations [2], for unit point charges on a sphere. Figure 1 shows a graph of W ( N ) versus N for N up to 101. It is striking how close the configuration energies lie to a smooth curve. On the scale that has been used, scatter in the energies can barely be discerned. Also plotted for comparison are the curves of W , ( N ) = N 2 / 2 versus N and of W,( N ) = N ( N -1)/2 versus N. We( N ) represents the energy of a continuous charge of magnitude N uniformly spread over the unit sphere, while W , ( N ) is the average configurational energy of N point charges randomly distributed over the unit sphere, which fact we have confirmed in computations. The curves for both these classical formulae lie well above that of W ( N ) . The failure of W , ( N ) as an estimator of W ( N ) is due to the fact that it takes no account of the correlations between the positions of the particles. A characteristic of stable configurations is that nearest-neighbour distances tend to be comparable in magnitude and close contacts between the charges are avoided whereas, with random configurations, there is no limit to how close neighbouring charges can come to one another, which pushes up the configurational energies. We do not provide the standard deviations of these parameters since the scatter in the data is not random but appears to have a large systematic component, as we discuss later. The agreement between equation (4) and the data, as shown in table 1, is extremely good all the way down to N = 1. In figure 1 the data and equation ( 
Theoretical model
To simplify the calculation of the configurational energy, we will suppose that, in addition to the N point charges, there is a uniform continuous compensating charge -N placed on the sphere. From symmetry considerations, this continuous charge can have no effect on the stable arrangement of the point charges, serving only to reduce the total energy. The self-energy of this continuous charge is N 2 / 2 and the interaction energy between the continuous and the point charges is -N 2 . When these are combined with (2) for the energy of the point charges, the total energy becomes
The energetically most favourable arrangement of point, charges in an infinite plane is the form of a hexagonal Wigner lattice. The energies of the other two-dimensional Bravais lattices have been calculated and they lie somewhat higher in energy [9]. It might be expected therefore that the stable arrangement of point charges on a sphere, when N is large and the lattice spacing correspondingly small, will closely resemble a hexagonal lattice over much of the surface. Hexagonal coordination cannot be maintained indefinitely on a sphere without gross distortions developing, and variations in coordination are required from place to place to take up the strain [lo] . This global characterization is corroborated by the pair distribution functions (PDF$) of the larger-N stable configurations. For our purposes we define the PDFn(d) such that 2nd O ( d ) Ad is the number of pair separations d, in the interval Ad around the value d. As an example, figure 3 shows n ( d ) for the N = 100 stable configuration. Peaks occur very close to the first four hexagonal lattice nearest-neighbour distances I , = I = 0.381, I, = &I =0.660, 1, = 2 I = 0.762 and I, = fi I = 1.008, where I is obtained from equation ( 6 ) below. The first peak of n ( d ) is skewed slightly to smaller values of d, indicating a small proportion of points with less than 6-fold coordination. In conclusion, therefore, the energy of a stable configuration is expected to be greater than that of a comparable hexagonal lattice, but not by a large margin. Since there is likely to be a small proportion of points with 4-fold coordination, the energy of the square lattice can be taken as a plausible upper bound for the configurational energy.
The theory of two-dimensional Wigner lattices has received considerable attention because of its relevance to the ordering of electrons on the free surface of liquid helium [ I l l . It has also been suggested that electrons and holes in semiconductor inversion layers [I21 and quantum-well structures [ 131 undergo Wigner crystallization at low densities and temperatures. Our treatment below contains the novel feature that it treats a Wigner lattice which has been projected onto a sphere, which gives rise to a strain energy term. Because of the presence of the compensating continuous charge, the Wiper-Seitz cell of each lattice point is electrically neutral and the intercellular interactions consequently fall off rapidly with distance, r. When N is large, lattice defects are sparse and most cells are surrounded for some distance by a regular lattice. A reasonably accurate first estimate of the configurational energy can therefore be obtained by assuming, for calculational purposes, a perfect lattice.
Hexagonal lattice
For the stable configuration of N point charges on a unit sphere, each of these charges and its cell of compensating negative charge occupy, on average, an area of 47rJ N.
Assuming a structure resembling a plane hexagonal lattice of lattice spacing I, the cell area is I'JfJ2 and so 
I
We project this lattice onto the unit sphere with the mapping *-P 
If one of the points, say Ri, is at the origin (the pole of the sphere), then 8<=0 and
This shows that distances from the origin are unaffected by the projection, although distances between points neither of which is at the origin are, in general, altered.
For small 8, sin 8 = 8 -8"6, and 8 = 2 sin-'(rj2) = r + r'j24 and so, from equation Using these approximations, it follows from (11) that When one of the pair of points is at the origin, g clearly vanishes.
written
The contribution of the cell at the origin to the total energy of the lattice can be
where Y denotes a sum over discrete charges and integration over continuous charges, using X and Y as integration variables. The sum combines contributions from the self-interaction of the continuous charge in the first cell, the interaction of this continuous charge with the point charge in that cell, and one half ofthe interaction energy of the charges in the first cell with the discrete and continuous charges in all the other cells. Considerable cancellation occurs between negative and positive contributions to the interaction energy between different cells, particularly when they are far apart, and rapid convergence is attained.
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The total lattice energy for N cells is given by W'= Nw, and from equation ( 
follows that Using equations ( 6 ) and ( The value of a is consistent with the lattice energy calculated by Bonsall and Maradudin 19) . the value for b is a new result.
Discussiou and conclusions
We have been able to derive a simple expression for the minimum energy of N equal charges on the surface of a sphere, which involves a series expansion in half-integer powers of I/N. We have established limiting values for the first two coefficients in the expansion, based on the idealizations of the point charges lying on either a hexagonal or square lattice projected onto a sphere; the values of the coefficients so evaluated neatly straddle the values obtained by a nonlinear least squares fit on the data derived by numerical procedures. This appears to be the first general consideration of the energetics of point charges on a sphere, as opposed to discussion of the structures of such systems.
These results, and the excellent fit of our expression to the data, suggest that we have captured the essential physics of the problem in our model. In that case, it becomes worthwhile to consider some of the residual deviations of the data from the model. Since the data becomes less reliable at larger values of N, where repetitions of the numerical procedure have to be done sparingly as they are very costly in computer time (more than three hours per simulation on an IBM 3083J mainframe computer for N = loo), we will concentrate on the energies for N s35. The energy differences from our fitted formula for 1 s N =z 35 is shown with a highly expanded scale in The differences observed are small, but show some consistent patterns-with intriguing deviations. One observes an oscillating pattern of relative stability (low values of the difference) and relative instability (high values). The most striking point is that the principal relative instabilities appear for prime values of N for 1 S N s 30, excepting N = 2 and 17 only, while the value for N = 13 is relatively small. Smaller relative instabilities may also occur when N is odd. The principal locally more stable energy values occur with high symmetry structures for N equal to 2 , 4 , 6 and 12. Other relative stabilities appear for N equal to 10, 18, 22, 24 and 27, also for fairly high symmetry. Beyond N = 30 the pattern is less clear. There are strong local stabilities for N =32 and for N =60, which latter may bear some relationship to the truncated icosahedron.
This structure is generally recognized as being exceptionally stable, being represented in nature by the recently-discovered C,, molecule buckminsterfullerene [61. (The other stable fullerene structures, C,, and CX4, are not described by our model as they do not approximate to spherical in shape.) Thus, the following are observed to he most stable relative to their neighbours: N = 6, 12, 32, 44, 48 and 60.
We offer here a tentative suggestion as to the lines an explanation of these observations might take, in the realization that there may well he some subtle underlying rules that have eluded us. Thus, there appears to be difficulty in organizing a good lattice on a sphere with a small and odd (or worse, prime) number of points, while numbers which permit high symmetry are stable. Clearly there remains much detail to be understood in this apparently simple problem, such as, for example, the large scale oscillation apparent in figure 2 ; we have only scratched the surface of its fascination.
We also suggest that it may be worthwhile to examine the energetics and spacing of points on a sphere with non-Coulombic interactions [l], for a better understanding of the structures that might be engendered [7, 151.
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Note odded in proof Subsequent to the submission of our paper. Erber and Hackney [IS] have published a list of energies of N unit charges an a unit sphere, far 2 s N s 6 5 . Their results agree rather well with those we report here, with Some of our results being lower in energy than theirs, and vice versa; the discrepancies do not exceed about 0.01. In addition, some of the gaps in our data are now filled in, and the data to N e 6 5 shows a smoother profile than in our figure 2. The best fit parameters for (4) far the lowest energy values lor 2 s N s 6 5 and a weighting of I/" are
